
1  Introduction
Handling uncertainty and risk in business case analy-
ses of large investment projects such as in telecom-
munications requires proper methodologies and tools.
Today’s business case analyses are often simplified in
several ways:

• Single point estimates of net present value (NPV)
and internal rate of return (IRR) are often presented
as the only result.

• Even if a set of different scenarios are analysed,
only the range of outcomes is revealed and not the
likelihood of occurrence. Scenario analysis is in
practice a series of single-point estimates.

• The flexibility inherent in many projects often has
a significant value. This value is however not cap-
tured by the use of standard instruments such as the
Net Present Value (NPV) valuation used ubiqui-
tously.

• Each project is often seen in isolation and port-
folios of several projects are not analysed and
(properly) valued.

Finding a general good way by which to evaluate pro-
ject portfolios, taking into account the uncertainty of
the individual projects and correlation between pro-
jects is a very difficult task. Portfolios of real assets
have characteristics significantly different from finan-
cial portfolios that are valuated by the use of standard
approaches:

• The calculation of correlation between projects in
real portfolios is speculative, as no historical data
exist.

• In the telecommunications world, information is
often incomplete and not shared among market
players.

In the general case, the correlations between individ-
ual project values cannot be precisely handled and no
simple solution exists. It means that for example the
NPV of the portfolio can be optimized in various
ways, but the balance between risks and opportunities
of the resulting portfolio will not necessarily be opti-
mal. However, in many cases, the properties of the
critical parameters in projects can be modelled quite
well due to boundary conditions and constraints in
the markets etc, and the correlation between the dif-
ferent projects can be derived.

By using Monte Carlo simulation in parallel with
optimization, it is therefore possible to treat more
general portfolios of real assets. With this approach
it is possible to distinguish ‘external’ uncertainties,
eg. service take rate, competition etc and decision
parameters such as network coverage, range of prod-
ucts offered, and to some extent the service tariff.

The sensitivities of uncertain input variables are
ranked by the use of rank correlation automatically
calculated in the Monte Carlo simulations.

2  Key Risks in Telecommunications
The telecommunication market is very complex.
Earlier there were a few services and the market
was controlled by the public network operators – the
incumbents. Now, the market has almost exploded.
Wireline and wireless technologies compete. New
operators, MVNO and service providers have entered
the market trying to catch significant market shares.
The convergence process has started. Fixed and
mobile operators make alliances to offer broadband,
fixed and mobile telephony – also to increase market
share. Fixed and broadcast operators make alliances
to offer TV distribution and entertainment, broadband
and telephony. In addition there is a battle between
DSL, fibre and Hybrid Fibre Coax operators. The
mobile operators are expanding to mobile broadband
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Genetic algorithms are a particular class of evolution-
ary algorithms that use techniques inspired by evolu-
tionary biology such as inheritance, mutation, natural
selection, and recombination (or crossover).

Genetic algorithms are typically implemented as a
computer simulation in which a population of abstract
representations (called chromosomes) of candidate
solutions (called individuals) to an optimization prob-
lem evolves toward better solutions. Traditionally,
solutions are represented in binary as strings of 0s
and 1s, but different encodings are also possible. The
evolution starts from a population of completely ran-
dom individuals and happens in generations. In each
generation, the fitness of the whole population is
evaluated; multiple individuals are stochastically
selected from the current population (based on their
fitness), modified (mutated or recombined) to form
a new population, which becomes current in the next
iteration of the algorithm.

7  Conclusions and Guidelines
A thorough introduction to uncertainty and risk anal-
ysis in telecommunication investment decision mak-
ing has been presented, and a framework for incorpo-
rating uncertainty and risk in business case analysis
using spreadsheet models has been proposed. As
business case results based entirely on single point
estimates from base case assumptions and a few extra
what-if scenarios can give false predictions and only
state what is possible but not probable, including
measures of uncertainty is imperative. Low cost and
user-friendly software that can be used with Excel
spreadsheet models are a helpful toolbox for studying
the impact of uncertainty in business case calcula-
tions. The challenging part is to come up with good
estimates for the crucial input variables in a business
case study, especially if little or no historical data

exist. A good process for this part of the work within
an organization is vital in order to make the best use
of the simulation framework part described in this
paper, since a model is never better than its input
assumptions.

As the business of many large companies, eg. net-
work operators, consists of portfolios of many pro-
jects, it is important to deal with portfolios of invest-
ment projects in a proper manner. A lot of the think-
ing from the portfolio theory used in finance can be
used for this purpose, but since telecommunications
investment projects dealing with new technologies
and services are of higher complexity and with little
historical information, an extension to the portfolio
framework is required. In this paper we have illus-
trated the use of Monte Carlo simulations combined
optimization based on genetic algorithms to solve
simple investment portfolio problems. Such a frame-
work can handle more general types of portfolios.
The main challenge is to quantify the uncertainties of
the most critical input variables and calculate correla-
tion between projects.
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Appendix A
Lagrange Multipliers
In mathematical optimization, the method of
Lagrange multipliers is used for finding a maximum/
minimum of a function subject to constraints. Many
optimization problems within the fields of economics
such as portfolio optimization can be formulated into
a so-called Lagrangian problem:

max(min) f(x1, ..., xn) when

We prefer to use the more compact vector and matrix
formalism in linear algebra. The Lagrange theory
then states that if 

• the functions f, g1 and gm are continuous and have
continuous first derivatives,

• x0 = (x1
0, ..., xm

0 ) is a maximum/minimum under
constraints gj(X0) = bj for j = 1, ..., m and m < n,

• ∇g1(x0), ..., ∇gm(x0) are linearly independent,

then a unique set of numbers exist that satisfy

∇f(x0) = λ1g1(x0) + ... + λmgm(x0) (A.1)

∇ is the gradient symbol, ie.

By introducing the Lagrange function F(x0) = f(X0)
– λ1g1(X) – ... – λmgm(X), (A.1) leads to

= 0, k = 1, ..., n (A.2)

In portfolio analysis, a more compact notation from
linear algebra is often used as in [11].

For repetition, the most important gradient rules are
given below, where a vector x is column vector and
the transposed vector xT is a row vector:

∇(xTA) = AT (A.3)

∇(AX) = A (A.4)

∇(aTx) = aT (A.5)

∇(xTAx) = xTA + xTAT (A.6)

∇(xTAx) = 2xTA if A is symmetric 
(ie. A = AT) (A.7)

Appendix B
Notation Used in Portfolio Analysis
For the following analysis, the symbols as defined in
[11] are used.

n number of assets in the portfolio
C0 capital budget in eg. Euro
Cend capital at the end of the period (one year if the

return is defined as yearly return) in Euro
ri rate of return on asset i
μi expected rate of return on asset i
σi standard deviation of return on asset i
ρij correlation between asset i and asset j
ΣΣ covariance matrix of rT = (r1, ..., rn).

ΣΣ is a symmetric matrix meaning ΣΣT = ΣΣ
θi amount invested in asset i
μf rate of return on the risk-free asset
γ parameter of absolute risk aversion
Rp total portfolio return in Euro
μp expected portfolio return in Euro
σ 2

p variance of portfolio return in Euro2

The objective function is the variance of the total
portfolio return. The function is to be minimized
under constraints.

The object function is therefore given as

var(Cend) = var(C0 + Rp) =
= var(Rp) = var(rTΘΘ) = ΘΘTΣΣ ΘΘ, (B.1)

{
g1(x1, ..., xn) = b1

gm(x1, ..., xn) = bm

m < n
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ΘΘ being a column vector with the ith element being
equal to θi; therefore ΘΘT is a row vector

The constraints are given as

μiθi = μμTΘΘ = μp and       θ i = 1TΘΘ = C0,

1T = (1, ..., 1) (B.2)

It is of great benefit to use compact matrix formula-
tion in the following calculations based on notation
in Appendix A and B.

We define the two matrices A = (μμ 1) of dimension

n × 2 and                     .

The minimization problem can therefore be formu-
lated as

min{ΘΘT ΣΣ ΘΘ | AT ΘΘ = B} (B.3)

AT is of dimension 2 × n, ΘΘ of dimension n × 1;
therefore the matrix product is of dimension 2 × 1.

As there are two constraints, two Lagrange multipli-
ers are required; λ1 and λ2.

By defining the vector                    and using 

Appendix A, (B.3) turns into the following equations

(B.4)

0 being the null vector of dimension 2 × 1

Solving the first equation and redefining 
with respect to ΘΘ, gives

ΘΘ = ΣΣ-1 A ΛΛ (B.5)

Inserting (B.5) into the second equation of (B.4), gives

(B.6)
by defining

H = AT ΣΣ-1A (B.7)

Transposing H gives

HT = (AT ΣΣ-1A)T = AT (ΣΣ-1)T (AT)
T

=
=AT ΣΣ-1A = H, (B.8)

as the inverse of a symmetric matrix is also symmetric.

As H is a symmetric matrix of dimension 2 × 2, it can
be written as

(B.9)

By defining d det(H) and using (B.8), (B.9) by
comparing elements, it is easy to see that:

a = μμT ΣΣ-1μμ
b = μμT ΣΣ-11 = (μμT ΣΣ-11)T = 1T ΣΣ-1μμ (B.10)
c = 1T ΣΣ-11
d = ac – b2

The covariance matrix is positive definite, which
means that for all nonzero n × 1 vectors x, xT ΣΣx > 0,
therefore we must have a > 0, c > 0.

Engels [11] uses the trick of examining 
(bμμ – a1)T ΣΣ-1(bμμ – a1):

(bμμ – a1)T ΣΣ-1(bμμ – a1) = b2μμT ΣΣ-1μμ – abμμT ΣΣ-11 –
ab1T ΣΣ-1μμ + a21T ΣΣ-1μμ = b2a – abb – abb + a2c =
b2a – 2ab2 + a2c = a(ac – b2) = ad > 0

As a > 0, it therefore follows that d > 0.

By using the definition of H, the expression of the
variance becomes

(B.11)

Equation (B.11) is the expression of the efficient
frontier in a risk-return framework. In (σ p

2, μp)
space, the efficient frontier is seen to be a parabola.
The return at the point of the minimum risk can be
found as follows:

The minimum variance is obtained by inserting this
value into equation (B.11):

(B.12)

The allocation of assets that results in a portfolio on
the efficient frontier with a given return is found by
using (B.5) and (B.9):

(B.13)
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The allocation of assets ΘΘmv that results in the port-
folio with minimum variance is obtained by setting
μp = μ*in (B.13):

μμ

(B.14)

Another metric is the so-called Sharpe ratio which is

the ratio

Its maximum is obtained at the point where a straight
line going through (0,0) in (μp , σp) space is a tangent
to the curve

Suppose this point has the coordinates (μtg, σtg). As
the slope of the tangent at the frontier curve is the
derivative, the following must hold at the tangent
point:

(B.15)

Inserting this value in the expression of σp gives

The allocation that results in this tangency portfolio is
obtained by inserting into (B.13):

μμ (B.16)
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